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Is the disciplinary learning unchangeable in the time? The research works out through a survey on the means that 2463 students of many Italian regions and aged 6–18 and of some adults give about the number zero. The results show how the mathematical meanings proposed at school live temporarily with the more stable ones of emotional and practical origin and confirm that the conceptual maps are built on the cognitive maps. Interesting proposals are directed to the teachers for an efficacy teaching towards the students of this digital era.

L’étude disciplinaire, peut-il ne pas changer dans le temps? La recherche se fonde sur la valeur du numéro « zéro » donnée par 2463 étudiants italiens âgés  6-18 et quelques adultes. Les résultats prouvent comme les valeurs mathématiques proposées à l’école coexistent temporairement avec celles plus stables dont l’origine est pratique et émotionnelle et confirme que les cartes conceptuelles sont bâties sur les cartes cognitives. Des propositions intéressantes sont adressées aux professeurs pour un enseignement efficace aux étudiants de cette ère digitale
1. The opportunities of the digital era in the teaching

The new method of information and communication technology (ICT) offers a wide range of opportunities to activate teaching-learning processes which involve “wide dialogic communities that act, relate and reflect in similar contexts, at the same time”1. Nevertheless ICT risks to be used by secret supporters of the drill-and-practice method who think they can instil more topics into children’s heads by directing the energy they use for electronic games. 2 

The aspect of the research here presented confirms that the qualities of the process of teaching-learning in not linked to the quantity of topics studied. Indeed, specially in the new technological context, it is clear that the learning process is a process of construction of the knowledge not unchangeable, but subject to modifications respect to the skill of persons and to the environment in which they live: the learning depends on the previous knowledge and on the context in which the learning is being developed. 

Moreover, and in unequivocal way, emerge the roles of the emotions and of the mental images in learning process, those emotions and those mental images that are the background of the cognitive organization of the knowledge together with the operation of classifying, of formalizing, of generalizing and together with the uses of natural and symbolic languages. In the new technological context, the teachers are more an more requested to support the students in the emotional difficulties that the learning requires. For a reflection on the teaching of Mathematics in the third millennium is interesting to reflect on the process of the learning of the number zero concept.
2.The research “ The number zero and the common sense”

The research began in 1995 based on a theme proposed in CIAEM 47 ( Mathematics and Common Sense) studying the learning of the meanings of the number zero3 during the all school curriculum. The same method of enquiry was used for every student aged 6 – 18 and also for same adults. More precisely, the same interview was proposed  to the students of many Italian regions and at the end of: of the first cycle of primary school ( 8 years old),  the second cycle of primary school ( 11 years old), of the secondary school ( 14 years old),of the biennium of secondary school ( 16 years old),of the triennium of secondary school ( 19 years old), and to same adults. To everybody were proposed the same questions: 

“ What does zero mean for you? ”,

“ If zero didn’t exist, what differences would it make ? ”

The 2463 answers  collected were so surprising that a long period of work, classification and interpretation  was necessary involving the use of skills outside the mathematical field in order to produce a report.
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 and for the  knowledge and  the  richness of  meanings in very young  children  like in the  answer  of  

A.L., 8 years old. (Nursery school for zeros which serves to teach and explain their value to them), but also for the symbolic richness and the quality of  the graphic elaboration, like in the answer of L.P., 19 years old.
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3. The zero: from “the nothing” to the concept of number

 Zero has taken long to be the number we know today. Even at the time of  Babilonians, the Indùs, the Hebrews, the Christians, the zero, the empty and the nothing were object of ambiguity and the symbol used wanted to mean an empty area limited by a changeable border. The abacus described by Gilberto di Aurillac at the beginning of the second millennium, didn’t use the symbol of the zero, but created its premise, because instead of it there was the lack of symbols: “the nothing” entered in the category  of the existence . The historical process to admit the zero like a number has been difficult and in the western countries it found resistance until XVII century . Young people learn its coded meanings following an equally difficult and precarious itinerary. Of course there is no similarity, nor can there be, between the path planned in school curricula and the tortuous one made by man to arrive at the current mathematical meanings of zero, separating them from the endless ambiguities of its connection with being and not-being.  Nevertheless, that ambiguity expelled from the school sphere, reappears forcefully in the minds of the interviewees, as if culture, by using other “instruments available to initiate young people into its canonical forms”4 does not want to renounce zero’s mysterious meanings which many civilisations did not know how to separate although they were equipped with sophisticated mathematics. In fact the countless influences which have accompanied the manipulation of zero since ancient times, often reappeared unconsciously in the interviewees’ answers.

4. Methods of analysis of the answers

The research group found many difficulties to classify and interprete the answers and realised that a single method could not cover the variety of answers ; they decided to utilize more than one method reflecting different points of view

4.1 The quantitative analysis
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With the quantitative method the frequency of every item was tallied for every school cycle and the research group compared the frequencies of the answers linked to emotional and practical meanings. Less than 50% of answers refer to mathematical concepts, about 40%,to emotions, about 10% to practical uses.But the mathematical significance only emerges in the period in which the school syllabus provides for the teaching of it. Afterwards it gets confused with the others!
The research  proves  that the principal mathematical meanings of the number zero, proposed by the school system ( positional  numeration, cardinality, ordinality,  separation R+ R-, Cartesian axes origin, additional neuter element,..) live only temporarily with the more stable ones of emotional and practical origin. At the end only the emotional ones remain unchanged ( emptiness, nothing, death, peace, delusion, round outline, himself estimation.). It is very interesting to emphasize that  a treasure trove of shapes, colours, and expressions present, demonstrate that the mathematical meanings proposed by the school system live only temporarily with the more stable ones of emotional and practical origin. It is as if the mathematical concepts were in conflict with everything  emotional and practical, as if emotions and practical life were an obstacle to disciplinary learning. The large number of answers which didn’t concern mathematics were examined very carefully and it clearly emerged that the many drawings were answers expressed in graphic language: in many cases this was the main and sometimes the only means used.
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4.2 Other methods of analysis of the answers 
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The research group formulated the hypothesis that the separation between the rational sphere and the emotional one, deeply rooted in the scholastic tradition is the cause of the temporariness of the learning emphasized from quantitative research. On this hypothesis the research group decided to utilise many other methods (quantitative analysis, comparison with different schools, graphical an linguistic interpretation, cognitive maps, analysis of classes with cognitive maps and quantitative method)  which are explained in the report of the research4. In this communication we will refer to the answer interpretations through the cognitive maps.

4.3 The analysis through cognitive maps

With this procedure the knowledge is represented by a net where the connecting lines are the attributes and the knots are the concepts. It means that every element in relation with the others. In this representation of the knowledge a concept is defined by the whole of the relations which link it to the other concepts, none of which is primitive. The maps show that the students organize the disciplinary knowledge they learn about the zero during the school years according to the structure of their emotional spheres. There are many students that permanently link  the zero to balance and harmony, while the concept of empty whole is forgotten and  replaced by the positional system one. For the students that link  the number zero to sadness and melancholy, the concept of empty whole seems more permanent because linked to…sadness. In many maps of this kind of students we find that the links found in the 8 year old student maps are still  present! We observe that the emotional sphere seems so strong as to persist continuously from primary school through to the school leaving examination, 


while the learning connected to the meanings of zero is not able to became a stable structure which grows, is enriched and reorganised. 

None of the mathematical meanings learnt at school connect to others to assume stability that corresponds in some way to the structure of the discipline. From the analysis of the maps emerge an incapacity of the school to build stable and organized knowledge which allows the pupils to have a conscious reflection on what they are learning. The contents alternate, substituting one thing with another without activating cognitive processes which can lead to the construction of conceptual maps representative of the disciplines.

4.4. From the cognitive maps to the conceptual maps

The results of this method suggest to refine the definition of cognitive map:

Cognitive map is a net of meanings that represents the subjective organization of the ideas, concepts, emotions that everybody builds around one or more key-words.

But the teachers, specially those of the secondary school and in particular the mathematical teachers, are not interested in the “subjective organization of the ideas”. Their teaching is directed to bring the students to the learning of codified knowledge which is the temporary result  of the research of the Scientific Communities; so they are interested in the building of conceptual maps of which the research group gives the next definition.

Conceptual map is a net of concepts shared by a Scientific Community or by a working community in which the meanings expressed in the knots and the links between the knots find a relation in one or more disciplinary field.

The research ‘zero and common sense’ shows that it is not possible to build conceptual maps ignoring the cognitive ones because they are the beginning on which the conceptual ones have based. The teachers, reflecting on the student maps, will may work out the cognitive maps that show the knowledge organization in every school-class. The student’s cognitive maps will be a reference to plan itineraries of  teaching-learning. The subjective organization of the ideas, will reorganize itself through appropriate stimulus to the reflection about one’s knowledge,  the comparison with class-pupil’s ones in appropriate group-works and by giving meaning   to the  codified forms of knowledge. In this way the students will lead a research somehow similar to the Scientific Community one which have built the same knowledge

5. The main points for a conclusion

From the research it’s clear that:

· The deeply-rooted separation between the rational and the emotional sphere in mathematics teaching is the cause of  the temporariness of its learning. The pupils can give meaning and stability to the acquired structures of rational knowledge if they can connect them to their gushing “ fountain ”of emotions and experience.

· A didactic strategy aimed at stimulating a conscious reflection in the pupils, on the continuous grouping and reorganising of  knowledge in their minds, can lead to the construction of stable disciplinary learning.

· Stable learning cannot happen only through the separation and distinction of concepts. Once a concept is acquired by separating and distinguishing it from others, it is necessary to dedicate just as much time on seeing how it is connected to previous ones and, if necessary, reorganize the structure.

· Conceptual maps representing the disciplines can be very useful in controlling the process of learning from the viewpoint of curricular continuity

The digital era is characterised by the metaphor of the Net  where there is  the risk exists that some people are reduced to the condition of a neuron that responds unconsciously to powerful stimuli without being able to understand, interpret or filter them. The educational system needs to know how to build a strong network of knowledge and competence for each student, who in turn, is able to interpret the complexity of the external network of communication around him and reflect on the construction of the network of knowledge and competence necessary for him.
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a map of 8 years old student 
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A cognitive map drawn from the answer of  A.S, 15 yeaes old
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CUMULAZ

				I CICLO				II CICLO				MEDIA				BIENNIO				TRIENNIO				DOPO 21

				freq.		peso		freq.		peso		freq.		peso		freq.		peso		freq.		peso		freq.		peso

		A1		146		2.9		78		1.6		111		2.1		262		2.3		340		3.1		28		3.5

		A2		88		1.8		71		1.4		82		1.6		264		2.3		141		1.3		16		2.0

		A3		84		1.7		69		1.4		54		1.0		164		1.4		85		0.8		19		2.4

		A4		0		0.0		6		0.1		42		0.8		139		1.2		187		1.7		7		0.9

		A5		0		0.0		3		0.1		63		1.2		190		1.7		203		1.8		7		0.9

		A6		63		1.3		54		1.1		56		1.1		129		1.1		105		0.9		0		0.0

		A7		143		2.9		289		5.8		131		2.5		217		1.9		157		1.4		9		1.1

		A8		2		0.0		1		0.0		10		0.2		50		0.4		88		0.8		6		0.8

		A9		0		0.0		8		0.2		15		0.3		37		0.3		84		0.8		2		0.3

		A10		2		0.0		97		1.9		70		1.4		86		0.8		76		0.7		0		0.0

		totale risposte matematica		528		10.5399239544		676		13.4930139721		634		12.2551546392		1538		13.5546415981		1466		13.239012643		94		11.8736842105

		peso percentuale MATEMATICA

		B1		106		1.2		164		1.3		181		1.4		478		1.7		546		2.0		38		2.4

		B2		290		3.3		255		2.0		171		1.3		436		1.5		395		1.4		8		0.5

		B3		1		0.0		24		0.2		199		1.5		252		0.9		310		1.1		27		1.7

		B4		33		0.4		75		0.6		39		0.3		109		0.4		77		0.3		3		0.2

		totale risposte emozioni		430		4.9049429658		518		4.1357285429		590		4.5618556701		1275		4.4947121034		1328		4.7971101746		76		4.8

		peso percentuale EMOZIONI

		C1		41		0.6		173		1.7		136		1.3		260		1.1		218		1.0		10		0.6

		C2		13		0.2		16		0.2		24		0.2		52		0.2		42		0.2		1		0.1

		C3		29		0.4		84		0.8		44		0.4		86		0.4		58		0.3		3		0.2

		C4		3		0.0		17		0.2		42		0.4		71		0.3		88		0.4		6		0.4

		C5		8		0.1		19		0.2		82		0.8		122		0.5		122		0.6		0		0.0

		totale risposte uso pratico		94		1.3403041825		309		3.0838323353		328		3.1701030928		591		2.6042890717		528		2.3841059603		20		1.2631578947

		peso percentuale USO PRATICO

		totali		1052				1503				1552				3404				3322				190

		totale risposte		11023
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CUMULAZ (2)

				I CICLO		II CICLO		MEDIA		BIENNIO		TRIENNIO		DOPO 21

		A1		2.9		1.6		2.1		2.3		3.1		3.5

		A2: numero cardinale		1.8		1.4		1.6		2.3		1.3		2.0

		A3: numero ordinale		1.7		1.4		1.0		1.4		0.8		2.4

		A4		0.0		0.1		0.8		1.2		1.7		0.9

		A5: origine assi		0.0		0.1		1.2		1.7		1.8		0.9

		A6		1.3		1.1		1.1		1.1		0.9		0.0

		A7: numerazione posizionale		2.9		5.8		2.5		1.9		1.4		1.1

		A8		0.0		0.0		0.2		0.4		0.8		0.8

		A9		0.0		0.2		0.3		0.3		0.8		0.3

		A10		0.0		1.9		1.4		0.8		0.7		0.0

				10.5		13.5		12.3		13.6		13.2		11.9

		Peso percentuale risposte MATEMATICA		63%		65%		61%		66%		65%		66%

		B1		1.2		1.3		1.4		1.7		2.0		2.4

		B2: analogie legate alla forma		3.3		2.0		1.3		1.5		1.4		0.5

		B3		0.0		0.2		1.5		0.9		1.1		1.7

		B4		0.4		0.6		0.3		0.4		0.3		0.2

		Peso risposte EMOZIONI		4.9		4.1		4.6		4.5		4.8		4.8

		Peso percentuale risposte EMOZIONI		29%		20%		23%		22%		23%		27%

		C1: zero riferito al denaro		0.6		1.7		1.3		1.1		1.0		0.6

		C2		0.2		0.2		0.2		0.2		0.2		0.1

		C3		0.4		0.8		0.4		0.4		0.3		0.2

		C4		0.0		0.2		0.4		0.3		0.4		0.4

		C5		0.1		0.2		0.8		0.5		0.6		0.0

				1.3		3.1		3.2		2.6		2.4		1.3

		Peso percentuale risposte USO PRATICO		8%		15%		16%		13%		12%		7%

		somma pesi		16.8		20.7		20.0		20.7		20.4		17.9
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CUMULAZ (3)

				I CICLO		II CICLO		MEDIA		BIENNIO		TRIENNIO		DOPO 21

				freq.		freq.		freq.		freq.		freq.		freq.

		A1		146		78		111		262		340		28

		A2		88		71		82		264		141		16

		A3		84		69		54		164		85		19

		A4		0		6		42		139		187		7

		A5		0		3		63		190		203		7

		A6		63		54		56		129		105		0

		A7		143		289		131		217		157		9

		A8		2		1		10		50		88		6

		A9		0		8		15		37		84		2

		A10		2		97		70		86		76		0

		totale risposte matematica		528		676		634		1538		1466		94

		MATHEMATICAL MODELS		50%		45%		41%		45%		44%		49%

		B1		106		164		181		478		546		38

		B2		290		255		171		436		395		8

		B3		1		24		199		252		310		27

		B4		33		75		39		109		77		3

		totale risposte emozioni		430		518		590		1275		1328		76

		EMOTIONS, SUGGESTIONS		41%		34%		38%		37%		40%		40%

		C1		41		173		136		260		218		10

		C2		13		16		24		52		42		1

		C3		29		84		44		86		58		3

		C4		3		17		42		71		88		6

		C5		8		19		82		122		122		0

		totale risposte uso pratico		94		309		328		591		528		20

		EVERY DAY LIFE		9%		21%		21%		17%		16%		11%

		totali		1052		1503		1552		3404		3322		190

		totale risposte		11023
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				SCHEDE		RISPOSTE

		AOSTA		200		906

		BARI		187		690
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		PALERMO		58		132				RISPOSTE RILEVATE		11023

		NO-VE		339		1615				DIFFERENZA		238

		LUCCA		156		838				ERRORE PERCENTUALE		2.1%
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CUMULAZ

				I CICLO				II CICLO				MEDIA				BIENNIO				TRIENNIO				DOPO 21

				freq.		peso		freq.		peso		freq.		peso		freq.		peso		freq.		peso		freq.		peso

		A1		146		2.9		78		1.6		111		2.1		262		2.3		340		3.1		28		3.5

		A2		88		1.8		71		1.4		82		1.6		264		2.3		141		1.3		16		2.0

		A3		84		1.7		69		1.4		54		1.0		164		1.4		85		0.8		19		2.4

		A4		0		0.0		6		0.1		42		0.8		139		1.2		187		1.7		7		0.9

		A5		0		0.0		3		0.1		63		1.2		190		1.7		203		1.8		7		0.9

		A6		63		1.3		54		1.1		56		1.1		129		1.1		105		0.9		0		0.0

		A7		143		2.9		289		5.8		131		2.5		217		1.9		157		1.4		9		1.1

		A8		2		0.0		1		0.0		10		0.2		50		0.4		88		0.8		6		0.8

		A9		0		0.0		8		0.2		15		0.3		37		0.3		84		0.8		2		0.3

		A10		2		0.0		97		1.9		70		1.4		86		0.8		76		0.7		0		0.0

		totale risposte matematica		528		10.5399239544		676		13.4930139721		634		12.2551546392		1538		13.5546415981		1466		13.239012643		94		11.8736842105

		peso percentuale MATEMATICA

		B1		106		1.2		164		1.3		181		1.4		478		1.7		546		2.0		38		2.4

		B2		290		3.3		255		2.0		171		1.3		436		1.5		395		1.4		8		0.5

		B3		1		0.0		24		0.2		199		1.5		252		0.9		310		1.1		27		1.7

		B4		33		0.4		75		0.6		39		0.3		109		0.4		77		0.3		3		0.2

		totale risposte emozioni		430		4.9049429658		518		4.1357285429		590		4.5618556701		1275		4.4947121034		1328		4.7971101746		76		4.8

		peso percentuale EMOZIONI

		C1		41		0.6		173		1.7		136		1.3		260		1.1		218		1.0		10		0.6

		C2		13		0.2		16		0.2		24		0.2		52		0.2		42		0.2		1		0.1

		C3		29		0.4		84		0.8		44		0.4		86		0.4		58		0.3		3		0.2

		C4		3		0.0		17		0.2		42		0.4		71		0.3		88		0.4		6		0.4

		C5		8		0.1		19		0.2		82		0.8		122		0.5		122		0.6		0		0.0

		totale risposte uso pratico		94		1.3403041825		309		3.0838323353		328		3.1701030928		591		2.6042890717		528		2.3841059603		20		1.2631578947

		peso percentuale USO PRATICO

		totali		1052				1503				1552				3404				3322				190

		totale risposte		11023
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CUMULAZ (2)

				I CICLO		II CICLO		MEDIA		BIENNIO		TRIENNIO		DOPO 21

		A1		2.9		1.6		2.1		2.3		3.1		3.5

		A2: numero cardinale		1.8		1.4		1.6		2.3		1.3		2.0

		A3: numero ordinale		1.7		1.4		1.0		1.4		0.8		2.4

		A4		0.0		0.1		0.8		1.2		1.7		0.9

		A5: origine assi		0.0		0.1		1.2		1.7		1.8		0.9

		A6		1.3		1.1		1.1		1.1		0.9		0.0

		zero as place value		2.9		5.8		2.5		1.9		1.4		1.1

		A8		0.0		0.0		0.2		0.4		0.8		0.8

		A9		0.0		0.2		0.3		0.3		0.8		0.3

		A10		0.0		1.9		1.4		0.8		0.7		0.0

				10.5		13.5		12.3		13.6		13.2		11.9

		Peso percentuale risposte MATEMATICA		63%		65%		61%		66%		65%		66%

		B1		1.2		1.3		1.4		1.7		2.0		2.4

		zero as round shape		3.3		2.0		1.3		1.5		1.4		0.5

		B3		0.0		0.2		1.5		0.9		1.1		1.7

		B4		0.4		0.6		0.3		0.4		0.3		0.2

		Peso risposte EMOZIONI		4.9		4.1		4.6		4.5		4.8		4.8

		Peso percentuale risposte EMOZIONI		29%		20%		23%		22%		23%		27%

		zero and money		0.6		1.7		1.3		1.1		1.0		0.6

		C2		0.2		0.2		0.2		0.2		0.2		0.1

		C3		0.4		0.8		0.4		0.4		0.3		0.2

		C4		0.0		0.2		0.4		0.3		0.4		0.4

		C5		0.1		0.2		0.8		0.5		0.6		0.0

				1.3		3.1		3.2		2.6		2.4		1.3

		Peso percentuale risposte USO PRATICO		8%		15%		16%		13%		12%		7%

		somma pesi		16.8		20.7		20.0		20.7		20.4		17.9
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MATHEMATICAL MODELS
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CUMULAZ (3)

				I CICLO		II CICLO		MEDIA		BIENNIO		TRIENNIO		DOPO 21

				freq.		freq.		freq.		freq.		freq.		freq.

		A1		146		78		111		262		340		28

		A2		88		71		82		264		141		16

		A3		84		69		54		164		85		19

		A4		0		6		42		139		187		7

		A5		0		3		63		190		203		7

		A6		63		54		56		129		105		0

		A7		143		289		131		217		157		9

		A8		2		1		10		50		88		6

		A9		0		8		15		37		84		2

		A10		2		97		70		86		76		0

		totale risposte matematica		528		676		634		1538		1466		94

		MATHEMATICAL MODELS		50%		45%		41%		45%		44%		49%

		B1		106		164		181		478		546		38

		B2		290		255		171		436		395		8

		B3		1		24		199		252		310		27

		B4		33		75		39		109		77		3

		totale risposte emozioni		430		518		590		1275		1328		76

		EMOTIONS, SUGGESTIONS		41%		34%		38%		37%		40%		40%

		C1		41		173		136		260		218		10

		C2		13		16		24		52		42		1

		C3		29		84		44		86		58		3

		C4		3		17		42		71		88		6

		C5		8		19		82		122		122		0

		totale risposte uso pratico		94		309		328		591		528		20

		EVERY DAY LIFE		9%		21%		21%		17%		16%		11%

		totali		1052		1503		1552		3404		3322		190

		totale risposte		11023





Foglio1

				SCHEDE		RISPOSTE

		AOSTA		200		906

		BARI		187		690

		MILANO		983		3904

		NAPOLI		216		1105

		PIACENZA		135		938

		AVELLINO		89		222

		VARESE		103		911				RISPOSTE COMUNICATE		11261

		PALERMO		58		132				RISPOSTE RILEVATE		11023

		NO-VE		339		1615				DIFFERENZA		238

		LUCCA		156		838				ERRORE PERCENTUALE		2.1%






